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Abstract In this paper, we establish explicit and broadly applicable relationships between persistence-based distances
computed locally and globally. In particular, we show that the bottleneck distance and the Wasserstein distance
between two zigzag persistence modules restricted to an interval is always bounded above by the distance between
the unrestricted versions. While this result is not surprising, it could have potential practical implications. We give
two related applications for metric graph distances, as well as an extension for the matching distance between multi-
parameter persistence modules. We also prove a similar restriction inequality for the interleaving distance between two
multi-parameter persistence modules.

1 Introduction

Assessing similarity or dissimilarity of complex objects is an important problem that is ubiquitous in science, engi-
neering, and mathematics. The complexity of the input objects can make this problem quite difficult; for instance,
comparing graphs or even trees via the edit-distance can be NP-hard [6]. With the recent development of applied and
computational topology, a new paradigm for comparing complex objects is to first map them to easier-to-compare yet
still meaningful topological summaries, and then compare the resulting topological summaries as a proxy.

Indeed, one such topological summary is the persistence diagram obtained via persistent homology. By choosing
appropriate filtrations, input objects are represented by so-called persistence modules. In this paper, we consider the
more general zigzag persistence modules [7], which admit a unique decomposition up to isomorphism into certain
elementary pieces (called indecomposable modules) that are intervals. The information encoded by these intervals can
be combinatorially represented by its persistence diagram. Such a persistence diagram serves as a topological summary
representation of the input object, enabling one to compare multiple input objects by comparing their associated
persistence diagrams using metrics such as the bottleneck distance [12] or Wasserstein distance [14].
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Motivation

In practice, there are many applications where one might be interested in only computing a local or restricted summary.
For a first example, consider the question of determining or approximating graph motif counts. A graph motif is a
subgraph on a small number of vertices contained within a larger, more complex graph. Graph motifs have proven
useful for characterizing networks in domains such as biology [23] and cyber security [19]. The standard problem of
counting the number of small motifs or patterns within a graph is equivalent to the subgraph isomorphism problem,
which is NP-complete. Since restricted persistence modules reveal information about the local structure of a space, we
posit that the restricted modules for a metric graph (see Section 4) can be utilized in a similar manner to the way in
which graph motifs are currently used, e.g., as inputs to classification algorithms or anomaly detection algorithms in
time-varying data [19, 21].

For a second example, consider persistent local homology, which studies a multi-scale notion of homology within
a local neighborhood of the data relative to its boundary. It has applications in road network analysis [2], data
visualization [24], graph reconstruction [11, 1], and clustering and stratification learning [5, 3]. Furthermore, persistent
local homology extracts local geometric and topological information in data, which may then be used as input to
machine learning algorithms [4]. In such applications, there is often a choice as to the size of local neighborhood that
one should use, and a natural question to ask is how the local information relates to the global topological summaries.
This paper aims to provide some answers to this question.

Our contributions

After a brief review of the relevant background information in Section 2, we show in Section 3 that the bottleneck
distance and the Wasserstein distance between two zigzag persistence modules restricted over an interval of parameter
values is always bounded from above by the distance between the unrestricted versions (Theorem 1) and state a
corollary in the case of level set zigzag persistence (Corollary 2). As an example of how such a bound could be
useful: imagine that one wishes to compare the persistence profiles of two very large data sets but finds that it is
prohibitively computationally expensive. Instead, one could compute a restricted version of the bottleneck distance as
an approximation to the global distance. As the interval size increases, the bottleneck (or Wasserstein) distance between
the restricted versions approaches the distance for the global versions. In an opposite direction, our result means that the
global distance between two modules does not “wash out" local information encoded in the same module. In Section
4, we discuss some further implications of our results, by establishing two results involving distance inequalities in the
special case of metric graphs (Corollary 3 and Corollary 4), as well as by extending our result to the matching distance
of multi-parameter persistence modules [20]. Finally, we close by providing a restriction inequality result (Theorem 2)
on the interleaving distance between multi-parameter persistence modules. In this case, we are not operating on the
level of persistence diagrams but rather on the modules themselves.

2 Background and Definitions

Our treatment of zigzag persistence is brief; for more details, see [7] and [8]. A zigzag diagram of topological spaces
X1,X2, . . . ,Xn is a sequence

X1 ↔ X2 ↔ · · · ↔ Xn

where each bidirectional arrow between two topological spaces represents a continuous function mapping either
forwards or backwards. Applying the p-th homology functor with coefficients in a field K yields a zigzag diagram of
vector spaces

Hp(X1;K) ↔ Hp(X2;K) ↔ · · · ↔ Hp(Xn;K),

known as a zigzag module, denoted as X, from which zigzag persistence may be computed. Since the maps in a zigzag
diagram are allowed to go in either direction, the resulting zigzag module is the most general form of 1-dimensional
persistence. A zigzag module decomposes into intervals X �

⊕
j∈J

I[bj, dj], where each I[bj, dj] is defined as
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0←→ · · · ←→ 0←→ K←→ · · · ←→ K←→ 0 · · · ←→ 0

with nonzero values in the range [bj, dj]. We will use DgX to denote the resulting persistence diagram of a fixed
homology dimension p. Typically, a persistence diagram is considered to be a set of points {(b, d)} for which b <
d. Proposition 2.12 of [7] implies that restricting the module X to the range [r1, r2] (denoted X[r1, r2]) yields a
decomposition as the direct sum of the intervals in X restricted to [r1, r2]; that is,

X[r1, r2] �
⊕
j∈J

I([bj, dj] ∩ [r1, r2]). (1)

In particular, any summand I([bj, dj]) of X with [bj, dj] ∩ [r1, r2] = ∅ becomes a zero module in the direct sum for
X[r1, r2]. Moreover, the length of each summand, i.e., the number of spaces in the sequence, does not change in the
restriction, meaning that the spaces of summands are 0 outside of the interval [r1, r2].

The bottleneck distance between two persistence diagrams is equal to δ if there exists a matching between the points
of the two diagrams (where points are allowed to be matched to diagonal elements) such that any pair of matched points
are at distance at most δ. Formally, for a fixed homology dimension, the bottleneck distance is given by

dB(DgX,DgY) = inf
µ:DgX→DgY

sup
x∈DgX

| |x − µ(x)| |∞,

where µ ranges over all bijections between the two diagrams [17]. In order to compute the bottleneck distance, one adds
countably many copies of the diagonal {(x, x) : x ∈ R}, which may intuitively correspond to topological features that
are born and simultaneously die (and thus, never really exist at all). This allows for a point in one persistence diagram
to be matched to the diagonal if it is far away from any point in the other diagram, and also accounts for the fact that
two persistence diagrams may have different numbers of off-diagonal points.

The q-th Wasserstein distance is defined as

dq(DgX,DgY) =
 inf
µ:DgX→DgY

∑
x∈DgX

| |x − µ(x)| |q∞


1/q

.

We conclude this section by defining a projection map that keeps track of the points in the global persistence diagram
that disappear in the restricted version. We next define a restriction map for a persistence diagram and then show that
this is the persistence diagram of a restricted zigzag module.

Definition 1 Given I = [r1, r2] ⊂ R, we let DgXI denote the restriction of the persistence diagram DgX to the
interval I defined as the output of the following projection map (Types A-F reference Figure 1):

Π : DgX→ DgXI

(b, d) 7→


(max(b, r1),min(d, r2)) (Types A, B, C, D)
(b, b) if r2 ≤ b (Type E)
(d, d) if d ≤ r1 (Type F)

Notice that points like E and F in Figure 1 correspond to features that are born and die outside of the interval I
(either completely before or completely after). The restriction result cited above from [7] would not include points
Π(E) or Π(F) in its diagram. However, since both Π(E) and Π(F) are on the diagonal, including them in DgXI does
not change the bottleneck distance between two restricted diagrams. We formalize this in the following Lemma. Note
that we could choose to map to any point on the diagonal, such as a point in the support of [r1, r2], but the choice of
(b, b) and (d, d) simplifies the proof of Theorem 1 below.

Lemma 1 Let I = [r1, r2] ⊂ R. The restriction of the persistence diagram DgX to the interval I is equal to the
persistence diagram of the restricted module X[r1, r2], i.e., DgXI = DgX[r1, r2].

Proof Let X �
⊕
j∈J

I[bj, dj]. Then by (1) we have that DgX[r1, r2] contains the following set of points:
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r1
<latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit><latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit><latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit><latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit>

r2
<latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit><latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit><latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit><latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit>

r1
<latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit><latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit><latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit><latexit sha1_base64="DrhNOB6/smS6OjnfHAOONa9Fnf8=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTX06sNqzW24S5BN4hWkBgXaw+rXYJSwLEZpmKBa9z03NUFOleFM4LwyyDSmlE3pGPuWShqjDvLlsXNyZZURiRJlSxqyVH9P5DTWehaHtjOmZqLXvYX4n9fPTHQb5FymmUHJVouiTBCTkMXnZMQVMiNmllCmuL2VsAlVlBmbT8WG4K2/vEk6zYbnNryHZq3lFnGU4QIu4Ro8uIEW3EMbfGDA4Rle4c2Rzovz7nysWktOMXMOf+B8/gC1Bo3i</latexit>

r2
<latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit><latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit><latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit><latexit sha1_base64="pmb1NYLOmaaA3slWsrx4/HB3HcE=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiTx4hETCyTQkO0yhQ3bbbO7NSENv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZemAqujet+O6Wt7Z3dvfJ+5eDw6PikenrW0UmmGPosEYnqhVSj4BJ9w43AXqqQxqHAbji9W/jdJ1SaJ/LRzFIMYjqWPOKMGiv5dTVs1ofVmttwlyCbxCtIDQq0h9WvwShhWYzSMEG17ntuaoKcKsOZwHllkGlMKZvSMfYtlTRGHeTLY+fkyiojEiXKljRkqf6eyGms9SwObWdMzUSvewvxP6+fmeg2yLlMM4OSrRZFmSAmIYvPyYgrZEbMLKFMcXsrYROqKDM2n4oNwVt/eZN0mg3PbXgPzVrLLeIowwVcwjV4cAMtuIc2+MCAwzO8wpsjnRfn3flYtZacYuYc/sD5/AG2i43j</latexit>

<latexit sha1_base64="3lMF/BX19ymMJ8NP6+st5X+qGkQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FETxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvp75j09cGxGrB5wk3I/oUIlQMIpWuq/eVPvliltz5yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2veZd1Ny7eqXh5nEU4QRO4Rw8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdLu40V</latexit>

E
<latexit sha1_base64="lKekwXteHeKxvRRJj/vkGHXZYTk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Vevq/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuau5dvdJw8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNHLI0S</latexit>

B

<latexit sha1_base64="zgr4ElkKv6CgeXdSxu5TmnXuGFY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8VLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Vevq/1yxa25c5BV4uWkAjma/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0m7XvMuau5dvdJw8ziKcAKncA4eXEIDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNFp40R</latexit>

A

<latexit sha1_base64="otnAAOXA2GsymKaUYtVTGTw2TIA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI+FXjxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwac79xyeujYjVA04T7kd0pEQoGEUr3Veb1UG54tbcBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGN74mVBJilyx5aIwlQRjMv+bDIXmDOXUEsq0sLcSNqaaMrTplGwI3urL66RTr3lXNfeuXmm4eRxFOINzuAQPrqEBt9CCNjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AFIsY0T</latexit>

C

<latexit sha1_base64="CJGH1Hus5zL2VUvegQhNLymgcoA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FQTxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCobeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+WMwvp75j09cGxGrB5wk3I/oUIlQMIpWuq/eVPvliltz5yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2veZd1Ny7eqXh5nEU4QRO4Rw8uIQG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdNQI0W</latexit>

F

<latexit sha1_base64="LnD9QkwQTvQq+twMc/PUUU6nUhM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURI8FPXisaGuhDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF+9qfbLFbfmzkFWiZeTCuRo9stfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDKz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiXtes27qLl39UrDzeMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w9KNo0U</latexit>

D

Fig. 1 An illustration of the six cases for the projection map Π. Green points are the images of the blue points under Π.

DgX[r1, r2] =

{
(max(bj, r1),min(dj, r2)) if r1 ≤ bj ≤ r2 or r1 ≤ dj ≤ r2

(r1, r2) if bj < r1 ≤ r2 < dj
: (bj, dj) ∈ DgX

}
.

The first case aligns with types A, B, and C in Figure 1, and the second case is type D.
Note that this does not take into account those intervals for which [bj, dj]∩[r1, r2] = ∅. To create DgXI wemap them

to (bj, bj) or (dj, dj) depending on whether they fall before the interval I or after. But these points are not represented
directly in DgX[r1, r2]. Rather, to complete the proof we rely on the fact that persistence diagrams by design contain
infinitely many copies of the diagonal {(x, x) : x ∈ R}. So, both diagrams contain the same mapped points of type A,
B, C, and D, and infinitely many copies of the diagonal. �

3 Bottleneck and Wasserstein Distances in the Local vs. Global Settings

In this section, we prove ourmain result relating the bottleneck distance (resp.Wasserstein distance) between persistence
diagrams with the bottleneck (resp. Wasserstein) distance between their interval-restricted versions.

Theorem 1 Let X and Y be two zigzag modules and let DgX and DgY be their corresponding zigzag persistence
diagrams. Consider the interval I = [r1, r2] ⊂ R and let DgXI and DgYI be the restrictions of these diagrams to I.
Then

dB(DgXI,DgYI ) ≤ dB(DgX,DgY)

and
dq(DgXI,DgYI ) ≤ dq(DgX,DgY).

Proof Let µ ⊆ DgX × DgY be a partial matching, where any unpaired point in one of the persistence diagrams is
matched to the nearest point (in the L∞ norm) on the diagonal ∆ = {(x, x) : x ∈ R}. Then µ can be modeled as a
bipartite graph between finite sets of points from the two diagrams.

We define µI ⊆ DgXI × DgYI such that, for each (p, q) ∈ µ, we have (Π(p),Π(q)) ∈ µI . Since we are simply
relabeling the coordinates of points in the bipartite graph of µ to define µI , µI remains a partial matching. What is left
to show is that the maximal distance between the matched points in µI is less than that for µ. That is, we want to show
that for the partial matching µI ,

sup
(Π(p),Π(q))∈µI

| |Π(p) − Π(q)| |∞ ≤ sup
(p,q)∈µ

| |p − q | |∞. (2)
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We show that

‖Π(p) − Π(q)‖∞ ≤ ‖p − q‖∞, (3)

for all matched p and q. This is then sufficient to establish the claimed inequality.
Consider two points p ∈ DgX and q ∈ DgY such that (p, q) ∈ µ. Let p = (bp, dp) and q = (bq, dq). By

definition of L∞ distance, we have ‖p − q‖∞ = max(|bp − bq |, |dp − dq |). First, if both p and q are points of
type A, B, C, or D as in Definition Definition 1 and Figure 1, then Π(bp, dp) = (max(bp, r1),min(dp, r2)) and
Π(bq, dq) = (max(bq, r1),min(dq, r2)). Thus, we have

‖Π(p) − Π(q)‖∞ = max(|max(bp, r1) −max(bq, r1)|, |min(dp, r2) −min(dq, r2)|).

To establish inequality (3), we need only show that |max(bp, r1) − max(bq, r1)| ≤ |bp − bq |, and likewise that
|min(dp, r2) −min(dq, r2)| ≤ |dp − dq |. Suppose without loss of generality that bp ≤ bq , so that one of the following
three cases holds: (i) bp ≤ bq ≤ r1, (ii) bp ≤ r1 ≤ bq , or (iii) r1 ≤ bp ≤ bq . In all three cases, it is immediate that
|max(bp, r1) −max(bq, r1)| ≤ |bp − bq |. Similar reasoning shows that |min(dp, r2) −min(dq, r2)| ≤ |dp − dq |.

Second, if either p or q is a point of type E or F, the non-trivial cases arise when such a point is paired with
a point of type B or C. For instance, suppose q = (bq, dq) is of type B, so that Π(q) = (bq, r2). If p = (bp, dp)

is of type E, we have Π(p) = (bp, bp) and | |Π(p) − Π(q)| |∞ = max{|bp − bq |, bp − r2}. Since bq ≤ r2 ≤ bp ,
this implies that the horizontal distance between the projections must be larger than the vertical distance. Therefore,
| |Π(p) −Π(q)| |∞ = bp − bq ≤ max{bp − bq, |dp − dq |} = | |p − q | |∞. If p = (bp, dp) is of type F, then Π(p) = (dp, dp)

and | |Π(p) − Π(q)| |∞ = max{bq − dp, r2 − dp}. Since bp ≤ dp ≤ r1 ≤ bq ≤ r2 ≤ dq , the horizontal distances satisfy
bq − dp ≤ bq −bp and the vertical distances satisfy r2− dp ≤ dq − dp , yielding the desired inequality. The case analysis
for the remaining pairings proceeds in a similar manner.

Therefore, if one takes µ to be the infimum over all matchings with respect to the bottleneck distance between DgX
and DgY, and the cost of µI is smaller, then the bottleneck distance between DgXI and DgYI will only be smaller still.
This concludes the proof of the bottleneck distance portion of the theorem. The Wasserstein result follows similarly.�

Corollary 1 Let I = [`I, rI ], and J = [`J, rJ ] be two intervals, with dist(I, J) = max{|`I − `J |, |rI − rJ |}. Given zigzag
persistence modules X and Y, dB(DgXI,DgYJ ) ≤ dB(DgX,DgY) + dist(I, J).

Proof The result follows from combining Theorem 1 with the inequality dB(DgXI,DgXJ ) ≤ dist(I, J) and the triangle
inequality. �

Given an R-valued function, there is a natural construction of a level set zigzag persistence module [8] that sweeps
its level sets from bottom to top [18] in a sense that we will describe in the next paragraph. Before going into those
details, our motivation for introducing level set zigzag persistence is as follows. The level set zigzag persistence can be
used to compute the ordinary persistent homology of an R-valued function with good space efficiency. In particular,
the level set zigzag module is related to the ordinary (extended) persistence module via the Mayer-Vietoris pyramid [8,
Figure 3], where the zigzag sequence and the ordinary sequence are shown to contain the same information in their
persistent homology. Therefore, one could use the algorithm for zigzag persistent homology to compute extended
persistence while using space that depends only on the size of the largest level set instead of the entire domain [8, 22].
With this motivation in mind, we now discuss level set zigzag persistence a bit further.

Given a topological space X and a continuous function f : X → R, (X, f ) is said to be of Morse type if, for the
finite set of critical values a1 < a2 < . . . < an of f , the open intervals (−∞, a1), (a1, a2), . . . , (an−1, an), (an,∞) are
such that for each interval I, f −1(I) is homeomorphic to Y× I for some compact and locally connected space Y with f
serving as the projection onto I [8]. The homeomorphisms should extend to continuous functions on Y × Ī, where Ī is
the closure of I in R, and each Xt = f −1(t) should also have finitely-generated homology, where Xt denotes the level
set of f for any t ∈ R. Let XI = f −1(I) denote the slice of X which f maps to the interval I ⊂ R. If I = [a, b], we may
denote this as Xb

a. Then, given (X, f ) of Morse type with critical values ai as above, we choose arbitrary si satisfying

−∞ < s0 < a1 < s1 < a2 < · · · < sn−1 < an < sn < ∞.

The level set zigzag persistence of (X, f ) is defined to be the zigzag persistence for the sequence

Xs0
s0 → X

s1
s0 ← X

s1
s1 → X

s2
s1 ← · · · → X

sn
sn−1 ← X

sn
sn
.



6 Gasparovic, et al.

We denote the persistence diagram by Dg f .
We now state a straightforward corollary to Theorem 1 in the level set zigzag persistence setting, which we will

refer to again in Section 4.

Corollary 2 Let f : X→ R and g : Y→ R be Morse type functions defined on topological spaces X and Y, and for
an interval I = [r1, r2], let Dg f I and DggI be the restrictions of the level set zigzag persistence diagrams Dg f and
Dgg to the interval I. Then dB(Dg f I,DggI ) ≤ dB(Dg f ,Dgg).

4 Applications to Metric Graphs and d-Parameter Persistence

4.1 Metric Graphs

For uses of Corollary 2, we turn to the metric graph setting. Metric graphs commonly arise when studying road
networks as well as biological or chemical structure graphs. Given a graph G with a set of vertices and edges, a length
function on the edges, and a geometric realization |G | of the graph, one may specify a metric on G by taking the
minimum length of any path between any pair of points (not necessarily vertices) in the geometric realization. Given
a base point v ∈ |G |, the geodesic distance function fv : |G | → R is given by fv(x) = dG(v, x). Then Dg fv denotes
the 0-dimensional level set zigzag persistence diagram induced by fv . Equivalently, Dg fv is the union of the 0- and
1-dimensional extended persistence diagrams for fv (see [13] for the details of extended persistence). Corollary 2 can
be used to compare local neighborhoods of two different metric graphs, G1 and G2, with base points v ∈ G1 and
u ∈ G2. In particular, given fv : |G1 | → R and gu : |G2 | → R, we have dB(Dg fv I,Dggu I ) ≤ dB(Dg fv,Dggu) for any
real interval I. Typically, for comparing local neighborhoods, I = [0, r]. The following corollary gives a stability-type
result for comparing two local neighborhoods within a single metric graph.

Corollary 3 Let G be a metric graph with geometric realization |G |. For a fixed interval I and points u, v ∈ |G |, we
have dB(Dg f Iu ,Dg f Iv ) ≤ dG(u, v).

Proof By Corollary 2, dB(Dg fu I,Dg fv I ) ≤ dB(Dg fu,Dg fv). Since fu, fv : |G | → R are two Morse type functions,
dB(Dg fu,Dg fv) ≤ || fu − fv | |∞ by the level set zigzag stability theorem of [8]. Furthermore, by the triangle inequality,
for any x ∈ |G |, |dG(x, u) − dG(x, v)| ≤ dG(u, v), meaning that | | fu − fv | |∞ ≤ dG(u, v). Putting everything together
proves the claim. �

Another application of Corollary 2 is as follows. Define Φ : |G | → SpDg, Φ(v) = Dg fv, where SpDg denotes the
space of persistence diagrams. Given metric graphs (G1, dG1 ) and (G2, dG2 ), their persistence distortion distance [15]
is

dPD(G1,G2) := dH (Φ(|G1 |),Φ(|G2 |)),

where dH denotes the Hausdorff distance. In other words,

dPD(G1,G2) = max

{
sup

D1∈Φ( |G1 |)
inf

D2∈Φ( |G2 |)
dB(D1,D2), sup

D2∈Φ( |G2 |)
inf

D1∈Φ( |G1 |)
dB(D1,D2)

}
.

Note that the diagramDg fv contains both 0- and 1-dimensional persistence points, but only points of the same dimension
are matched under the bottleneck distance. A local version of the persistence distortion distance, which we will denote
by dr

PD , may be defined as follows: for each base point v, only consider the distance function to points within a fixed
intrinsic radius r . Specifically, let Φr : |G | → SpDg, Φr (v) = Dg f [0,r]v . Then dr

PD(G1,G2) := dH (Φ
r (|G1 |),Φ

r (|G2 |).

Corollary 4 If r ≤ r ′, then dr
PD(G1,G2) ≤ dr′

PD(G1,G2).

Proof Let Dr
1 be the persistence diagram for some base point v ∈ |G1 |, where the geodesic distance function is

computed in the interval [0, r]. Let Dr′

1 be the persistence diagram for the same base point, but where the distance
function is computed in the interval [0, r ′]. Define Dr

2 and Dr′

2 similarly for some base point in |G2 |. By viewing Dr
i as

a restriction of Dr′

i for i = 1, 2, we can apply Theorem 1 to show that dB(Dr
1,D

r
2) ≤ dB(Dr′

1 ,D
r′

2 ). Since our choice of
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base points was arbitrary, this inequality holds for persistence diagrams across all choices of base points in |G1 | and
|G2 |. Therefore, using the definition of the local version of the persistence distortion distance, we can conclude that
dr
PD(G1,G2) ≤ dr′

PD(G1,G2). �

4.2 Multi-Parameter Persistence

Theorem 1 can be applied to d-parameter persistence modules on any topological space (not restricted to the level set
or metric graph settings). A d-parameter persistence module is indexed by a d-dimensional family of vector spaces,
{Xu}u∈Rd , together with a family of linear maps {ρX(u, v) : Xu → Xv}u�v such that for u � v � w ∈ Rd , we have
ρX(u, u) = idXu and ρX(v,w) ◦ ρX(u, v) = ρX(u,w) [9]. Here, u � v if and only if ui ≤ vi for i = 1, . . . , d, where ui
and vi are the coordinates of u and v. Any line L in the set of all lines of Rd with directionm = (m1, . . . ,md) such that
min
i

mi is strictly positive gives a one-parameter slice of the d-parameter persistence module. Given two d-parameter
persistence modules X and Y, we define their matching distance [20] to be

dmatch(X,Y) := sup
L

min
i

midB(DgXL,DgYL),

where DgXL and DgYL are the persistence diagrams of the d-parameter persistence modules X and Y restricted along
line L. Our result extends naturally to this linear relationship between these two parameters. Indeed, if we restrict both
d-parameter persistence modules to a region I = I1 × · · · × Id , denoted XI and YI, where each Ii is an interval of the
real line, then Theorem 1 implies the following corollary. Formally, XI is the module X restricted only to vector spaces
in {Xu}u∈I (similarly for Y).

Corollary 5
dmatch(XI,YI) ≤ dmatch(X,Y)

where dmatch(XI,YI) is computed by restricting DgXL and DgYL to the subinterval of the line L passing through the
region I.

Proof For a fixed line L with direction m, consider a region I restricted to L, denoted IL ⊂ I ∩ L. Recall that DgXL

and DgYL are the persistence diagrams of the d-parameter persistence modules X and Y restricted along the line L.
Based on Theorem 1,

dB(DgXIL
L ,DgYIL

L ) ≤ dB(DgXL,DgYL). (4)

From the definition of supremum, we know that ∀ε > 0, there is a line Lε such that

dmatch(XI,YI) − ε < min
i

midB(DgXILε

Lε
,DgYILε

Lε
).

Using observation (4) above, we see that

dmatch(XI,YI) − ε < min
i

midB(DgXLε ,DgYLε ).

The right-hand side is, of course, less than the supremum over all lines L, the definition of dmatch(X,Y). Hence, for
every ε > 0, we have dmatch(XI,YI) − ε < dmatch(X,Y); in other words, dmatch(XI,YI) ≤ dmatch(X,Y), as desired.�

The matching distance between two d-parameter persistence modules requires factoring through all possible 1-
parameter persistence modules by restricting to lines. A more direct way to compare two d-parameter persistence
modules is the interleaving distance which does not rely on persistence diagrams (which are only available for 1-
parameter persistence modules). Our definition of the interleaving distance, dI , for d-parameter persistence modules
follows the treatment in [16, Sect. 12.2].We first need the notion of a δ-interleaving for two such d-parameter persistence
modules X and Y. For a given δ ≥ 0, let −→δ = (δ, . . . , δ) ∈ Rd; we use the notation X−→

δ
to represent the module X

shifted diagonally by −→δ . Also, ρXu→v := Xu≤v . A δ-interleaving between X and Y consists of two families of linear
maps {ϕu : Xu → Y

u+
−→
δ
}u∈Rd and {ψu : Yu → X

u+
−→
δ
}u∈Rd satisfying:
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1. (Triangular commutativity) ∀u ∈ Rd , ρX
u→u+2−→δ

= ψ
u+
−→
δ
◦ ϕu and ρY

u→u+2−→δ
= ϕ

u+
−→
δ
◦ ψu .

2. (Rectangular commutativity) ∀u ≤ v ∈ Rd , ϕv ◦ ρXu→v = ρ
Y
u+
−→
δ→v+

−→
δ
◦ ϕu and ψv ◦ ρ

Y
u→v = ρ

X
u+
−→
δ→v+

−→
δ
◦ ψu .

See Figure 2 for illustrations of both types of commutativity.

<latexit sha1_base64="U89MIX6Qp2rZitb1CWKT6S4EPY4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBFvBVZkpii4LblxWsA/oDCWTZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMlv+7H2EzCKOvP68NqzW24C6B14hWkBgXaw+qXP5IkjakwhGOtB56bmCDDyjDC6bzip5ommEzxmA4sFTimOsgWmefowiojFEllnzBoof7eyHCs9SwO7WQeUa96ufifN0hNdBtkTCSpoYIsD0UpR0aivAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrrNhnfdcB+atdZVUUcZzuAcLsGDG2jBPbShAwQSeIZXeHNS58V5dz6WoyWn2DmFP3A+fwCF3JFM</latexit>

X

<latexit sha1_base64="txmJJJIMZxC+rPck2EvuEUkxanU=">AAAB83icbVDLSsNAFL2pr1pfVZduBlvBVUmKosuCG5cVbKs0oUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU86Udt1vp7S2vrG5Vd6u7Ozu7R9UD4+6KjGS0A5JeCIfQqwoZ4J2NNOcPqSS4jjktBdObnK/90SlYom419OUBjEeCRYxgrWV/LofYz0Oo+xxVh9Ua27DnQOtEq8gNSjQHlS//GFCTEyFJhwr1ffcVAcZlpoRTmcV3yiaYjLBI9q3VOCYqiCbZ56hM6sMUZRI+4RGc/X3RoZjpaZxaCfziGrZy8X/vL7R0XWQMZEaTQVZHIoMRzpBeQFoyCQlmk8twUQymxWRMZaYaFtTxZbgLX95lXSbDe+y4d41a62Loo4ynMApnIMHV9CCW2hDBwik8Ayv8OYY58V5dz4WoyWn2DmGP3A+fwCHYpFN</latexit>

Y

<latexit sha1_base64="U89MIX6Qp2rZitb1CWKT6S4EPY4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBFvBVZkpii4LblxWsA/oDCWTZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMlv+7H2EzCKOvP68NqzW24C6B14hWkBgXaw+qXP5IkjakwhGOtB56bmCDDyjDC6bzip5ommEzxmA4sFTimOsgWmefowiojFEllnzBoof7eyHCs9SwO7WQeUa96ufifN0hNdBtkTCSpoYIsD0UpR0aivAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TrrNhnfdcB+atdZVUUcZzuAcLsGDG2jBPbShAwQSeIZXeHNS58V5dz6WoyWn2DmFP3A+fwCF3JFM</latexit>

X

<latexit sha1_base64="txmJJJIMZxC+rPck2EvuEUkxanU=">AAAB83icbVDLSsNAFL2pr1pfVZduBlvBVUmKosuCG5cVbKs0oUymk3boZBLmIZTQ33DjQhG3/ow7/8ZJm4W2Hhg4nHMv98wJU86Udt1vp7S2vrG5Vd6u7Ozu7R9UD4+6KjGS0A5JeCIfQqwoZ4J2NNOcPqSS4jjktBdObnK/90SlYom419OUBjEeCRYxgrWV/LofYz0Oo+xxVh9Ua27DnQOtEq8gNSjQHlS//GFCTEyFJhwr1ffcVAcZlpoRTmcV3yiaYjLBI9q3VOCYqiCbZ56hM6sMUZRI+4RGc/X3RoZjpaZxaCfziGrZy8X/vL7R0XWQMZEaTQVZHIoMRzpBeQFoyCQlmk8twUQymxWRMZaYaFtTxZbgLX95lXSbDe+y4d41a62Loo4ynMApnIMHV9CCW2hDBwik8Ayv8OYY58V5dz4WoyWn2DmGP3A+fwCHYpFN</latexit>

Y

<latexit sha1_base64="t+MbXMO3p3v8G1FipA6w/+5q0oo=">AAACBHicbVDLSsNAFJ34rPUVddnNYCsIQkmKosuCG5cV7APaUCaTSTt0kgkzN0oJXbjxV9y4UMStH+HOv3HaZqGtBwYO55zLnXv8RHANjvNtrayurW9sFraK2zu7e/v2wWFLy1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+up377ninNZXwH44R5ERnEPOSUgJH6dqmSnvWkSSg+GAJRSj5kvYAJIJNK3y47VWcGvEzcnJRRjkbf/uoFkqYRi4EKonXXdRLwMqKAU8EmxV6qWULoiAxY19CYREx72eyICT4xSoBDqcyLAc/U3xMZibQeR75JRgSGetGbiv953RTCKy/jcZICi+l8UZgKDBJPG8EBV4yCGBtCqOLmr5gOiSIUTG9FU4K7ePIyadWq7kXVua2V6+d5HQVUQsfoFLnoEtXRDWqgJqLoET2jV/RmPVkv1rv1MY+uWPnMEfoD6/MHFX+YVA==</latexit>

u +
�!
�<latexit sha1_base64="ho8rr+nqBW6nsLpyAatCYn3ROtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY8FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3VfTar9ccWvuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKu17zLmntXrzQu8jiKcAKncA4eXEEDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOV341J</latexit>u

<latexit sha1_base64="4rv0cgnYRV3C/AfA+8B2ZuP8x8k=">AAACBXicbVDLSsNAFJ3UV62vqEtdBFtBEEpSFF0W3LisYB/QhDKZTNuhk5kwc6OU0I0bf8WNC0Xc+g/u/BunbRZaPTBwOOdc7twTJpxpcN0vq7C0vLK6VlwvbWxube/Yu3stLVNFaJNILlUnxJpyJmgTGHDaSRTFcchpOxxdTf32HVWaSXEL44QGMR4I1mcEg5F69mElPa350kQUGwwBKyXvMz+iHPCk0rPLbtWdwflLvJyUUY5Gz/70I0nSmAogHGvd9dwEggwrYITTSclPNU0wGeEB7RoqcEx1kM2umDjHRomcvlTmCXBm6s+JDMdaj+PQJGMMQ73oTcX/vG4K/csgYyJJgQoyX9RPuQPSmVbiRExRAnxsCCaKmb86ZIgVJmCKK5kSvMWT/5JWreqdV92bWrl+ltdRRAfoCJ0gD12gOrpGDdREBD2gJ/SCXq1H69l6s97n0YKVz+yjX7A+vgGL8piQ</latexit>

u + 2
�!
�

<latexit sha1_base64="t+MbXMO3p3v8G1FipA6w/+5q0oo=">AAACBHicbVDLSsNAFJ34rPUVddnNYCsIQkmKosuCG5cV7APaUCaTSTt0kgkzN0oJXbjxV9y4UMStH+HOv3HaZqGtBwYO55zLnXv8RHANjvNtrayurW9sFraK2zu7e/v2wWFLy1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+up377ninNZXwH44R5ERnEPOSUgJH6dqmSnvWkSSg+GAJRSj5kvYAJIJNK3y47VWcGvEzcnJRRjkbf/uoFkqYRi4EKonXXdRLwMqKAU8EmxV6qWULoiAxY19CYREx72eyICT4xSoBDqcyLAc/U3xMZibQeR75JRgSGetGbiv953RTCKy/jcZICi+l8UZgKDBJPG8EBV4yCGBtCqOLmr5gOiSIUTG9FU4K7ePIyadWq7kXVua2V6+d5HQVUQsfoFLnoEtXRDWqgJqLoET2jV/RmPVkv1rv1MY+uWPnMEfoD6/MHFX+YVA==</latexit>

u +
�!
�

<latexit sha1_base64="ho8rr+nqBW6nsLpyAatCYn3ROtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY8FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3VfTar9ccWvuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKu17zLmntXrzQu8jiKcAKncA4eXEEDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOV341J</latexit>u
<latexit sha1_base64="4rv0cgnYRV3C/AfA+8B2ZuP8x8k=">AAACBXicbVDLSsNAFJ3UV62vqEtdBFtBEEpSFF0W3LisYB/QhDKZTNuhk5kwc6OU0I0bf8WNC0Xc+g/u/BunbRZaPTBwOOdc7twTJpxpcN0vq7C0vLK6VlwvbWxube/Yu3stLVNFaJNILlUnxJpyJmgTGHDaSRTFcchpOxxdTf32HVWaSXEL44QGMR4I1mcEg5F69mElPa350kQUGwwBKyXvMz+iHPCk0rPLbtWdwflLvJyUUY5Gz/70I0nSmAogHGvd9dwEggwrYITTSclPNU0wGeEB7RoqcEx1kM2umDjHRomcvlTmCXBm6s+JDMdaj+PQJGMMQ73oTcX/vG4K/csgYyJJgQoyX9RPuQPSmVbiRExRAnxsCCaKmb86ZIgVJmCKK5kSvMWT/5JWreqdV92bWrl+ltdRRAfoCJ0gD12gOrpGDdREBD2gJ/SCXq1H69l6s97n0YKVz+yjX7A+vgGL8piQ</latexit>

u + 2
�!
�

<latexit sha1_base64="t+MbXMO3p3v8G1FipA6w/+5q0oo=">AAACBHicbVDLSsNAFJ34rPUVddnNYCsIQkmKosuCG5cV7APaUCaTSTt0kgkzN0oJXbjxV9y4UMStH+HOv3HaZqGtBwYO55zLnXv8RHANjvNtrayurW9sFraK2zu7e/v2wWFLy1RR1qRSSNXxiWaCx6wJHATrJIqRyBes7Y+up377ninNZXwH44R5ERnEPOSUgJH6dqmSnvWkSSg+GAJRSj5kvYAJIJNK3y47VWcGvEzcnJRRjkbf/uoFkqYRi4EKonXXdRLwMqKAU8EmxV6qWULoiAxY19CYREx72eyICT4xSoBDqcyLAc/U3xMZibQeR75JRgSGetGbiv953RTCKy/jcZICi+l8UZgKDBJPG8EBV4yCGBtCqOLmr5gOiSIUTG9FU4K7ePIyadWq7kXVua2V6+d5HQVUQsfoFLnoEtXRDWqgJqLoET2jV/RmPVkv1rv1MY+uWPnMEfoD6/MHFX+YVA==</latexit>

u +
�!
�

<latexit sha1_base64="BCJRcquxdDY62mTQEB8d5H0SyfE=">AAACBHicbVDLSsNAFJ3UV62vqMtugq0gCCUpii4LblxWsA9oQplMJu3QSSbM3FRK6MKNv+LGhSJu/Qh3/o3TNgttPTBwOOdc7tzjJ5wpsO1vo7C2vrG5Vdwu7ezu7R+Yh0dtJVJJaIsILmTXx4pyFtMWMOC0m0iKI5/Tjj+6mfmdMZWKifgeJgn1IjyIWcgIBi31zXJ1fO4KnZBsMAQspXjI3IBywNNq36zYNXsOa5U4OamgHM2++eUGgqQRjYFwrFTPsRPwMiyBEU6nJTdVNMFkhAe0p2mMI6q8bH7E1DrVSmCFQuoXgzVXf09kOFJqEvk6GWEYqmVvJv7n9VIIr72MxUkKNCaLRWHKLRDWrBErYJIS4BNNMJFM/9UiQywxAd1bSZfgLJ+8Str1mnNZs+/qlcZFXkcRldEJOkMOukINdIuaqIUIekTP6BW9GU/Gi/FufCyiBSOfOUZ/YHz+ABccmFU=</latexit>

v +
�!
�

<latexit sha1_base64="ho8rr+nqBW6nsLpyAatCYn3ROtI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY8FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3VfTar9ccWvuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKu17zLmntXrzQu8jiKcAKncA4eXEEDbqEJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOV341J</latexit>u

<latexit sha1_base64="PaSNWTQtBYhSa47RVVtyBwQ2bWs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrtEo0cSLx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1FjpsTwu94olt+IuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/9KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmteJdV9yHaql2lcWRhzM4h0vw4AZqcA91aACDATzDK7w5wnlx3p2PZWvOyWZO4Q+czx+XZI1K</latexit>v

<latexit sha1_base64="MAp1XgfXEMD4/elaR0OUNO9JjXc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY8FLx4r2FpoQ9lsN+3SzSbsTgol9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+VMwvpv7TxOujYjVI04T7kd0qEQoGEUrdau9CdXJSPTTar9ccWvuAmSdeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFyTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDG/9TKgkRa7YclGYSoIxmf9PBkJzhnJqCWVa2FsJG1FNGdqUSjYEb/XlddKu17zrmvtQrzSu8jiKcAbncAke3EAD7qEJLWAQwzO8wpuDzovz7nwsWwtOPnMKf+B8/gDFbZDe</latexit>'u

<latexit sha1_base64="WCSpArViU66MiStBIdWINmdFwq4=">AAACC3icbVDLSsNAFJ3UV62vqEs3wVYQhJIURZcFNy4r2Ac0IUwm03boJBNmbpQSsnfjr7hxoYhbf8Cdf+O0zUJbDwwczjmXO/cECWcKbPvbKK2srq1vlDcrW9s7u3vm/kFHiVQS2iaCC9kLsKKcxbQNDDjtJZLiKOC0G4yvp373nkrFRHwHk4R6ER7GbMAIBi355nHNTRTzs/TMFTon2XAEWErxkLkh5YDzvOabVbtuz2AtE6cgVVSg5ZtfbihIGtEYCMdK9R07AS/DEhjhNK+4qaIJJmM8pH1NYxxR5WWzW3LrRCuhNRBSvxismfp7IsORUpMo0MkIw0gtelPxP6+fwuDKy1icpEBjMl80SLkFwpoWY4VMUgJ8ogkmkum/WmSEJSag66voEpzFk5dJp1F3Lur2baPaPC/qKKMjdIxOkYMuURPdoBZqI4Ie0TN6RW/Gk/FivBsf82jJKGYO0R8Ynz/6lZuZ</latexit>

 
u+

�!
�

<latexit sha1_base64="7YrdNJEYzMDqV2lU4R7ftkCI7LY=">AAACJnicbVDLSgMxFM34rPVVdekm2AqCUGaKohuh4MZlBfuATi2ZNNOGZiZDckcpw3yNG3/FjYuKiDs/xUxbUFsPBA7n3JvkHC8SXINtf1pLyyura+u5jfzm1vbObmFvv6FlrCirUymkanlEM8FDVgcOgrUixUjgCdb0hteZ33xgSnMZ3sEoYp2A9EPuc0rASN3CVclVA3mfuAGBgecnrTTtJrGreH8ARCn5iOPTiivNFT9S4vaYAJKmpW6haJftCfAicWakiGaodQtjtydpHLAQqCBatx07gk5CFHAqWJp3Y80iQoekz9qGhiRgupNMYqb42Cg97EtlTgh4ov7eSEig9SjwzGSWRs97mfif147Bv+wkPIxiYCGdPuTHAoPEWWe4xxWjIEaGEKq4+SumA6IIBdNs3pTgzEdeJI1K2Tkv27eVYvVsVkcOHaIjdIIcdIGq6AbVUB1R9IRe0Bi9Wc/Wq/VufUxHl6zZzgH6A+vrG2KVp4Q=</latexit>

⇢X

u!u+2
�!
�

<latexit sha1_base64="FSQhtawYv4cQ0H3QUXy7SRAAvJU=">AAACJnicbVDLSgMxFM3UV62vqks3wVYQhDJTFN0IBTcuK9iHdGrJpJk2NDMZkjtKGeZr3PgrblxURNz5KaYPUFsPBA7n3JvkHC8SXINtf1qZpeWV1bXsem5jc2t7J7+7V9cyVpTVqBRSNT2imeAhqwEHwZqRYiTwBGt4g6ux33hgSnMZ3sIwYu2A9ELuc0rASJ38ZdFVfXmfuAGBvucnd2naSWJX8V4fiFLyEccnZVeaK36kxO0yASRNi518wS7ZE+BF4sxIAc1Q7eRHblfSOGAhUEG0bjl2BO2EKOBUsDTnxppFhA5Ij7UMDUnAdDuZxEzxkVG62JfKnBDwRP29kZBA62HgmclxGj3vjcX/vFYM/kU74WEUAwvp9CE/FhgkHneGu1wxCmJoCKGKm79i2ieKUDDN5kwJznzkRVIvl5yzkn1TLlROZ3Vk0QE6RMfIQeeogq5RFdUQRU/oBY3Qm/VsvVrv1sd0NGPNdvbRH1hf32RGp4U=</latexit>

⇢Y

u!u+2
�!
�

<latexit sha1_base64="5WWWCaW47x/of6QAfXb0BsohP1o=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2i0lAEMJuULQM2FhGMA/IhnB3MkmGzO4sM3cjYckX2PgrNhaK2Frb+TdOHoUmHhg4nHMud+4JYsE1uu63lVlb39jcym7ndnb39g/sw6O6lomirEalkKoZgGaCR6yGHAVrxopBGAjWCIY3U78xYkpzGd3jOGbtEPoR73EKaKSOXSz4I1DxgHfS5NyXJqp4f4CglHxI/S4TCJNJoWPn3ZI7g7NKvAXJkwWqHfvL70qahCxCKkDrlufG2E5BIaeCTXJ+olkMdAh91jI0gpDpdjo7Z+IUjdJ1elKZF6EzU39PpBBqPQ4DkwwBB3rZm4r/ea0Ee9ftlEdxgiyi80W9RDgonWk3TpcrRlGMDQGquPmrQweggKJpMGdK8JZPXiX1csm7LLl35XzlYlFHlpyQU3JGPHJFKuSWVEmNUPJInskrebOerBfr3fqYRzPWYuaY/IH1+QN3Mpz1</latexit>'
u+

�!
�

<latexit sha1_base64="Yf5S5lLRUVrAQtfejhLw2ogDUJ8=">AAAB73icbVBNS8NAEJ34WetX1aOXxVbwVJKi6LHgxWMF+wFtKJvtpF262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVbqVHqJ5v200i+V3ao7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmT1PBlwhM2JiCWWK21sJG1FFmbERFW0I3vLLq6RVq3pXVfe+Vq5f5nEU4BTO4AI8uIY63EEDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx9qJI+C</latexit>

 u

<latexit sha1_base64="WrkcvOSZA0YBTT2ZQrSYqAjVaZc=">AAACDXicbVDLSsNAFJ34rPUVdelmsBVclaQouiy4cVnBPqCJYTKdNEMnmTAzqZSQH3Djr7hxoYhb9+78GydtFtp64MLhnHu59x4/YVQqy/o2VlbX1jc2K1vV7Z3dvX3z4LAreSow6WDOuOj7SBJGY9JRVDHSTwRBkc9Izx9fF35vQoSkPL5T04S4ERrFNKAYKS15Zr3uiJDfZ06EVOgHWT/PvSx1BB2FCgnBH+Akr3tmzWpYM8BlYpekBkq0PfPLGXKcRiRWmCEpB7aVKDdDQlHMSF51UkkShMdoRAaaxigi0s1m3+TwVCtDGHChK1Zwpv6eyFAk5TTydWdxtFz0CvE/b5Cq4MrNaJykisR4vihIGVQcFtHAIRUEKzbVBGFB9a0Qh0ggrHSAVR2CvfjyMuk2G/ZFw7pt1lrnZRwVcAxOwBmwwSVogRvQBh2AwSN4Bq/gzXgyXox342PeumKUM0fgD4zPH4pHnG8=</latexit>

⇢X
u!v

<latexit sha1_base64="+kYwiaMRdbEyR/TTIdmROcdfKmM=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFvBU0mKoseCF48VbC20oWy2m3bpZjfsTgol9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSK4Qc/7dgobm1vbO8Xd0t7+weFR+fikbVSqKWtRJZTuhMQwwSVrIUfBOolmJA4FewrHd3P/acK04Uo+4jRhQUyGkkecErRSt9qbEJ2MeH9S7ZcrXs1bwF0nfk4qkKPZL3/1BoqmMZNIBTGm63sJBhnRyKlgs1IvNSwhdEyGrGupJDEzQbY4eeZeWGXgRkrbkugu1N8TGYmNmcah7YwJjsyqNxf/87opRrdBxmWSIpN0uShKhYvKnf/vDrhmFMXUEkI1t7e6dEQ0oWhTKtkQ/NWX10m7XvOva95DvdK4yuMowhmcwyX4cAMNuIcmtICCgmd4hTcHnRfn3flYthacfOYU/sD5/AHG8pDf</latexit>'v

<latexit sha1_base64="BHSgCr3H5qBOmUc8ayvt4aidrNs="></latexit>

⇢Y

u+
�!
� !v+

�!
�

<latexit sha1_base64="MAp1XgfXEMD4/elaR0OUNO9JjXc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LLaCp5IURY8FLx4r2FpoQ9lsN+3SzSbsTgol9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1J6CGS6F4CwVK3kk0p1Eg+VMwvpv7TxOujYjVI04T7kd0qEQoGEUrdau9CdXJSPTTar9ccWvuAmSdeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5V6qeEJZWM65F1LFY248bPFyTNyYZUBCWNtSyFZqL8nMhoZM40C2xlRHJlVby7+53VTDG/9TKgkRa7YclGYSoIxmf9PBkJzhnJqCWVa2FsJG1FNGdqUSjYEb/XlddKu17zrmvtQrzSu8jiKcAbncAke3EAD7qEJLWAQwzO8wpuDzovz7nwsWwtOPnMKf+B8/gDFbZDe</latexit>'u

<latexit sha1_base64="AJPUcwoESbgf3mLmiaB0i5JGNVM=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4IrtEo0cSLx4xkUcCGzI79MKE2dl1ZpaEEH7CiweN8ervePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJaPZpKgH9GB5CFn1FipXe4mmvfG5V6x5FbcBcg68TJSggz1XvGr249ZGqE0TFCtO56bGH9KleFM4KzQTTUmlI3oADuWShqh9qeLe2fkwip9EsbKljRkof6emNJI60kU2M6ImqFe9ebif14nNeGtP+UySQ1KtlwUpoKYmMyfJ32ukBkxsYQyxe2thA2poszYiAo2BG/15XXSrFa864r7UC3VrrI48nAG53AJHtxADe6hDg1gIOAZXuHNeXJenHfnY9mac7KZU/gD5/MHa6mPgw==</latexit>

 v

<latexit sha1_base64="UD6XN1SJedB/ieZLgxUSNCiu44s=">AAACDXicbVC7TsMwFHXKq5RXgJHFokViqpIKBGMlFsYi0QdqQuS4TmvViSPbKaqi/AALv8LCAEKs7Gz8DU6bAVqOdKWjc+7Vvff4MaNSWda3UVpZXVvfKG9WtrZ3dvfM/YOO5InApI0546LnI0kYjUhbUcVILxYEhT4jXX98lfvdCRGS8uhWTWPihmgY0YBipLTkmbWaI0b8PnVCpEZ+kN5lmZcmjqDDkUJC8Ac4yWqeWbXq1gxwmdgFqYICLc/8cgYcJyGJFGZIyr5txcpNkVAUM5JVnESSGOExGpK+phEKiXTT2TcZPNHKAAZc6IoUnKm/J1IUSjkNfd2ZHy0XvVz8z+snKrh0UxrFiSIRni8KEgYVh3k0cEAFwYpNNUFYUH0rxCMkEFY6wIoOwV58eZl0GnX7vG7dNKrNsyKOMjgCx+AU2OACNME1aIE2wOARPINX8GY8GS/Gu/Exby0Zxcwh+APj8weL35xw</latexit>

⇢Y
u!v

<latexit sha1_base64="Su0YDR6ag5GnXfjrmIHLAhza2sQ="></latexit>

⇢X

u+
�!
� !v+

�!
�

<latexit sha1_base64="Yf5S5lLRUVrAQtfejhLw2ogDUJ8=">AAAB73icbVBNS8NAEJ34WetX1aOXxVbwVJKi6LHgxWMF+wFtKJvtpF262cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WDmSToR3QoecgZNVbqVHqJ5v200i+V3ao7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5vfOyXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmT1PBlwhM2JiCWWK21sJG1FFmbERFW0I3vLLq6RVq3pXVfe+Vq5f5nEU4BTO4AI8uIY63EEDmsBAwDO8wpvz6Lw4787HonXNyWdO4A+czx9qJI+C</latexit>

 u

Fig. 2 Triangular commutativity (left) and rectangular commutativity (right) for a δ-interleaving.

Then the interleaving distance between X and Y is given by

dI(X,Y) = inf
δ
{X and Y are δ-interleaved}.

If no such δ ∈ R+ exists, X and Y are said to be∞-interleaved with dI(X,Y) = ∞.
Since the interleaving distance is based directly on the d-dimensional modules, and not on zigzag modules or their

corresponding persistence diagrams, our Theorem 1 does not apply. However, a restricted distance inequality still holds
through a different argument.

Theorem 2 dI(XI,YI) ≤ dI(X,Y).

Proof Let us say that dI(X,Y) = δ so that X and Y are δ-interleaved. Then, if we restrict the modules to the region I
the same interleaving maps used for X and Y are still interleaving maps for XI and YI. But since there are fewer spaces
in XI and YI there may be additional interleaving maps in the restricted case. Therefore,

{δ : X and Y are δ-interleaved} ⊆ {δ : XI and YI are δ-interleaved},

and so we have the desired result,

dI(X,Y) = inf
δ
{X and Y are δ-interleaved} ≥ inf

δ
{XI and YI are δ-interleaved} = dI(XI,YI).

�

In the case where X and Y are 1-parameter persistence modules, Theorem 2 (together with the fact that dI(X,Y) =
dB(DgX,DgY) [10]) is equivalent to Theorem 1. However, this is only in the case of traditional persistence modules
where all linear maps go forwards, not in the more general case of zigzag modules where maps are allowed to go
forwards and backwards. So, while special cases of Theorems 1 and 2 are equivalent neither theorem implies the other.

5 Discussion

Theorem1 and its corollaries, aswell as Theorem2, provide explicit relationships between distances between persistence
modules computed locally and globally, and the resulting inequalities are broadly applicable. For instance, the fact that
the local bottleneck distance is bounded above by the global bottleneck distance allows for a single global computation
to potentially rule out local differences if the global distance is low. If looking for local differences, starting with a
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global computation may save computational time if there are too many local comparisons to make. On the other hand,
the global bottleneck distance being bounded below by the local version allows smaller computations to approach the
global truth, while perhaps being more computationally tractable.

In future work, we would like to extend these ideas to generalized persistence, where instead of a linear sequence
of topological spaces one considers topological spaces and transformations that form a poset. In contrast to zigzag
persistence, this generalized persistence does not have the notion of a persistence diagram. Theorem 2 is the first step
in this direction for the case of d-parameter persistence using interleaving distance. We expect similar techniques to be
needed in the poset case. However, a notion of “local” would have to be defined in the poset setting.
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